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Abstract The quantum solutions which are the results of the research of Maamache et al.
(Int. J. Theor. Phys. 45:2191–2198, 2006) and ours (Choi, J.R. in Int. J. Theor. Phys. 42:853–
861, 2003) for the time-dependent Hamiltonian systems involving (1/x̂)p̂+ p̂(1/x̂) term are
compared after performing some corrections from the original ones. We confirmed that the
two corrected wave functions are completely the same each other.
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1 Introduction

The problem of time-dependent Hamiltonian system (TDHS) have been attracted consider-
able interest in both classical and quantum mechanics for a long time (e.g. see Ref. [1] and
references therein). In the previous paper [2], we investigated quantum solution of a general
TDHS whose Hamiltonian is given by

Ĥ (x̂, p̂, t) = A(t)p̂2 + B(t)(x̂p̂ + p̂x̂) + C(t)

(
1

x̂
p̂ + p̂

1

x̂

)
+ D(t)x̂2 + E(t)

1

x̂2
, (1.1)

where A(t) − E(t) are time functions that are differentiable with respect to time, and
A(t) �= 0. Note that (1/x̂)p̂ + p̂(1/x̂) in the third term gives the expression associated to
(1/x)(∂/∂x) in coordinate space, which appears in the radial equation for the diverse cen-
tral force problems. Therefore, the TDHS described by (1.1) have several practicability in
theoretical physics. For instance, it can be applied to derive the quantum solution of radial
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equation for the many body system [3–6] and for the isotropic oscillator [7, 8] and to the
problem of noninteracting electrons that the effective mass varies with time under the in-
fluence of magnetic field [9, 10]. The employ of the theory of Lewis–Riesenfeld [11, 12],
so called standard invariant operator method, which is very powerful when we calculate ex-
act quantum states of TDHS enabled us to derive the wave functions of the system that is
described by (1.1) [2].

Recently, Maamache et al. also derived somewhat different form of wave functions for the
same system employing an alternative striking method [13]. They started the investigation
after separating out some time function from the general wave function. The purpose of this
paper is to investigate whether the two wave functions with appropriate correction, derived
using our method in Ref. [2] and derived by employing Maamache’s method, are correspond
each other or not.

The approach of Maamache et al. with some correction will be presented in Sect. 2 and
our research based on Ref. [2] will also be described with some amendment in Sect. 3.
Finally, we will compare these two investigations in the last section.

2 The Corrected Approach for the Theory of Maamache et al.

The general wave function satisfying the Schrödinger equation is

ψ(x, t) =
∞∑

n=0

cnψn(x, t), (2.1)

where cn is the contribution of nth wave function to the whole wave packet, which is re-
stricted by normalization condition, namely,

∑
n |cn|2 = 1. It is known that the invariant

operator for the system described by the Hamiltonian in (1.1) can be constructed by impos-
ing the two auxiliary conditions such that [2, 13]

C(t)

A(t)
≡ k1 (constant), (2.2)

E(t)

A(t)
≡ k2 (constant). (2.3)

In Ref. [13], Maamache et al. performed a time-dependent unitary transformation for the
wave functions of the system in order to set up an exact associated invariant operator:

ψn(x, t) = U(t)Ψn(x, t), (2.4)

where a time function U(t) is given by

U(t) = exp

(
2ik1

�

∫ t

0
B(t ′)dt ′

)
. (2.5)

Then, it can be easily shown that Ψn(x, t) satisfy the following Schrödinger equation

i�
∂

∂t
Ψn(x, t) = Ĥ(x̂, p̂, t)Ψn(x, t), (2.6)
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where Ĥ is a new Hamiltonian which are expressed as

Ĥ = A(t)T̂1 + B(t)T̂2 + D(t)T̂3, (2.7)

with

T̂1 = p̂2 + k1

(
1

x̂
p̂ + p̂

1

x̂

)
+ k2

x̂2
, (2.8)

T̂2 = x̂p̂ + p̂x̂ + 2k1, (2.9)

T̂3 = x̂2. (2.10)

To facilitate the evaluation of quantum solutions, they considered an invariant operator in
the form

Î(x̂, p̂, t) = μ1(t)T̂1 + μ2(t)T̂2 + μ3(t)T̂3, (2.11)

which are associated to the new Hamiltonian Ĥ. From ∂ Î/∂t = (i/�)[Î, Ĥ], we can show
that the time functions μ1(t) − μ3(t) must satisfy the following relations1

μ̇1(t) = 4[Bμ1(t) − Aμ2(t)], (2.12)

μ̇2(t) = 2[Dμ1(t) − Aμ3(t)], (2.13)

μ̇3(t) = 4[Dμ2(t) − Bμ3(t)]. (2.14)

By solving these equations, we have

μ1(t) = s2(t), (2.15)

μ2(t) = 1

2A
[2Bs2(t) − s(t)ṡ(t)], (2.16)

μ3(t) = 1

4A2
[2Bs(t) − ṡ(t)]2 + k2

1

s2(t)
(2.17)

where s(t) is a real time function which is classical solution of the auxiliary equation

s̈(t) − Ȧ

A
ṡ(t) + 2

(
2AD + ȦB

A
− 2B2 − Ḃ

)
s(t) − 4AE

1

s3(t)
= 0. (2.18)

From the theory of Lewis–Riesenfeld, it is known that the wave functions which satisfy the
Schrödinger equation can be obtained by making use of the eigenstates of invariant operator.
We may write the eigenvalue equation of Î in the form

ÎΦn(x, t) = ΛnΦn(x, t). (2.19)

Since (2.11) is somewhat complicated time-dependent operator, the direct evaluation of
eigenvalue Λn and eigenstate Φn from the above equation is more or less difficult. On

1These are different from those of original research by Maamache et al. The three equations in (10) of
Ref. [13] are miss printed. So, they need modification so that they become the same as (2.12–2.14) in this
paper.
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the other hand, the employ of unitary transformation approach may dispenses with much
troublesome. So, we introduce a unitary operator given by

Ŝ = Ŝ1Ŝ2, (2.20)

where

Ŝ1 = exp

[
i

2�
(x̂p̂ + p̂x̂) ln

(
s(t)

s(0)

)]
, (2.21)

Ŝ2 = exp

[
i

4�A(t)

(
2B(t) − ṡ(t)

s(t)

)
x̂2

]
. (2.22)

Note that this is somewhat modified from that of their original research. In (18) of Ref. [13],
Maamache et al. regarded no s(0) which is appeared in (2.21) of this paper. As you can see,
we now considered it in order to fit the dimension of transformed invariant operator which
will be immediately followed to this. By use of this unitary operator, the invariant operator
can be transformed to

Î ′ = ŜÎŜ−1 = s2(0)

[
p̂2 + k1

(
1

x̂
p̂ + p̂

1

x̂

)
+ k2

1

x̂2

]
+ k2

s2(0)
x̂2. (2.23)

Note that this transformed invariant operator do not includes any time functions so that the
problem can be much simplified. After some algebra with the eigenvalue equation of Î ′
which can be represented as

Î ′Φ ′
n(x) = ΛnΦ

′
n(x), (2.24)

we can evaluate the corresponding eigenvalues and eigenstates in the form

Λn = 2�

√
k2 (2n + m + 1), (2.25)

Φ ′
n(x) =

[
2

n+mPm

( √
k2

�s2(0)

)m+1]1/2

xm+(1−2ik1/�)/2

× exp

(
−

√
k2

2�s2(0)
x2

)
Lm

n

( √
k2

�s2(0)
x2

)
, (2.26)

where n+mPm is permutation defined as (n + m)!/n!, Lm
n is associated Laguerre polynomial

defined in Ref. [14], and m is given by

m = 1

2

√
1 + 4

�2
(k2 − k2

1). (2.27)

The definition of m is the same as that of Ref. [13]. On the other hand, it is somewhat
different from that of Ref. [2]. The eigenstates in the original system can be obtained from
the eigenstates in the transformed system:

Φn(x, t) = Ŝ−1Φ ′
n(x)

=
[

2

n+mPm

( √
k2

�s2(t)

)m+1]1/2(
s(t)

s(0)

)ik1/�

xm+(1−2ik1/�)/2

× exp

{
−1

4

[
i

�A

(
2B − ṡ(t)

s(t)

)
+ 2

√
k2

�s2(t)

]
x2

}
Lm

n

( √
k2

�s2(t)
x2

)
. (2.28)
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The wave functions which satisfy (2.6) are different from the eigenstates Φn(x, t) by
only time-variable phase factors [12]. If we denote such a time-variable phases as Θn(t), we
may write the wave functions in the form

Ψn(x, t) = Φn(x, t) exp [iΘn(t)]. (2.29)

By substituting this equation into (2.6), we have

�Θ̇n(t) = 〈Φn|
(

i�
∂

∂t
− Ĥ

)
|Φn〉. (2.30)

The execution of some algebra after inserting (2.7) into the above equation leads to

Θn(t) = −2
√

k2(2n + m + 1)

∫ t

0

A(t ′)
s2(t ′)

dt ′ − k1

�
ln

(
s(t)

s(0)

)
. (2.31)

Thus, by substituting (2.28) and (2.31) into (2.29), we can identify the expression of Ψn(x, t)

as

Ψn(x, t) =
[

2

n+mPm

( √
k2

�s2(t)

)m+1]1/2

xm+(1−2ik1/�)/2

× exp

{
−1

4

[
i

�A

(
2B − ṡ(t)

s(t)

)
+ 2

√
k2

�s2(t)

]
x2

}
Lm

n

( √
k2

�s2(t)
x2

)

× exp

[
−2i

√
k2(2n + m + 1)

∫ t

0

A(t ′)
s2(t ′)

dt ′
]
. (2.32)

After all, nth full the wave functions ψn(x, t) that are associated to the system can be rep-
resented by substituting (2.5) and (2.32) into (2.4). The complete wave functions obtained
through these procedures slightly different from the result of Maamache et al. [13]. From
the expression of ψn(x, t), we can easily identify the global phases in the form

θn(t) = −2
√

k2(2n + m + 1)

∫ t

0

A(t ′)
s2(t ′)

dt ′ + 2k1

�

∫ t

0
B(t ′)dt ′. (2.33)

This is the same as that of Ref. [13].

3 The Corrected Result for Our Previous Research

In Ref. [2], we have started our research with no consideration of a time-dependent uni-
tary transformation like (2.4). Of course, an invariant operator associated to original Hamil-
tonian (1.1) (instead of new Hamiltonian like (2.7)) is constructed in order to make easy the
investigation of quantum solutions. This is a standard approach introduced by Lewis and
Riesenfeld [12].

The invariant operator associated to (1.1) can be derived from

dÎ

dt
= ∂Î

∂t
+ 1

i�
[Î , Ĥ ] = 0. (3.1)

By substitution of (1.1) into the above equation, we can evaluate the invariant operator as
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Î (x̂, p̂, t) =
[

1

4A2
[2Bs(t) − ṡ(t)]2 + k2

s2(t)

]
x̂2

+ 1

2A
[2Bs2(t) − s(t)ṡ(t)](x̂p̂ + p̂x̂)

+ s2(t)p̂2 + k1s
2(t)

(
1

x̂
p̂ + p̂

1

x̂

)
+ k2s

2(t)
1

x̂2
+ ξ(t), (3.2)

where ξ(t) is a time function given by

ξ(t) = 4k1

∫ t

0

[
D(t ′)s2(t ′) − 1

4A(t ′)
[2B(t ′)s(t ′) − ṡ(t ′)]2 − k2A(t ′)

1

s2(t ′)

]
dt ′. (3.3)

After the execution of integration, ξ(t) becomes

ξ(t) = k1

A(t ′)
[2B(t ′)s2(t ′) − s(t ′)ṡ(t ′)]

∣∣∣∣
t

0

. (3.4)

Let us express the eigenvalue equation of Î as

Î (x̂, p̂, t)φn(x, t) = λnφn(x, t). (3.5)

The execution of a straightforward algebra with (3.5) after inserting (3.2) enables us to
derive eigenvalues λn and eigenstates φn(x, t) in the form

λn = 2�

√
k2 [2n + m + l(t) + 1] + ξ(t), (3.6)

φn(x, t) =
[

2

n+mPm

(√
k2

�s2

)m+1]1/2

xm+(1−2ik1/�)/2

× exp

{
−1

4

[
i

�A

(
2B − ṡ

s

)
+ 2

√
k2

�s2

]
x2

}
Lm

n

(√
k2

�s2
x2

)
, (3.7)

where

l(t) = k1s(ṡ − 2Bs)

2�A
√

k2
. (3.8)

From the time derivative of (3.6), we can easily confirm that λn is constant with time:
dλn/dt = 0. With the consideration of global phases θn(t), the wave functions can be repre-
sented as

ψn(x, t) = φn(x, t) exp [iθn(t)]. (3.9)

By inserting this into the following Schrödinger equation

i�
∂ψn(x, t)

∂t
= Ĥ (x̂, p̂, t)ψn(x, t), (3.10)

we have

�θ̇n(t) = 〈φn|
(

i�
∂

∂t
− Ĥ

)
|φn〉. (3.11)
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We can proceed the algebra of right side of the above equation using unitary transformation
technique:

〈φn|
(

i�
∂

∂t
− Ĥ

)
|φn〉

=
∫ ∞

0
dx〈φn|x〉Ŝ−1Ŝ

(
i�

∂

∂t
− Ĥ

)
Ŝ−1Ŝ〈x|φn〉

=
∫ ∞

0
dx〈φ′

n|x〉
[
i�

∂

∂t
− A(t)

s2(t)
[Î ′(x̂, p̂) − ξ(t)]

]
〈x|φ′

n〉, (3.12)

where

〈x|φ′
n〉 = Ŝ〈x|φn〉, (3.13)

Î ′(x̂, p̂) = ŜÎ (x̂, p̂, t)Ŝ−1. (3.14)

Besides, the partial time derivative of transformed wave functions in (3.12) is given as

∂〈x|φ′
n〉

∂t
= −i

k1

�

ṡ

s
〈x|φ′

n〉. (3.15)

Then, the global phases in (3.11) can be evaluated in the form

θn(t) = −2
√

k2(2n + m + 1)

∫ t

0

A(t ′)
s2(t ′)

dt ′ + 2k1

�

∫ t

0
B(t ′)dt ′. (3.16)

This is somewhat different from our previous result which is the last line in (46) of Ref. [2].
Therefore, we corrected the phases of the wave functions from our earlier result. Thus, by
substituting (3.7) and (3.16) into (3.9), we have

ψn(x, t) =
[

2

n+mPm

(√
k2

�s2

)m+1]1/2

xm+(1−2ik1/�)/2

× exp

{
−1

4

[
i

�A

(
2B − ṡ

s

)
+ 2

√
k2

�s2

]
x2

}
Lm

n

(√
k2

�s2
x2

)

× exp

{
− i

[
2
√

k2(2n + m + 1)

∫ t

0

A(t ′)
s2(t ′)

dt ′ − 2k1

�

∫ t

0
B(t ′)dt ′

]}
. (3.17)

As you can see, this is completely the same as that of previous section.

4 Conclusion

In the theory of Maamache et al. which is presented in Sect. 2, a time-dependent unitary
transformation given by (2.4) is employed in the first place and, of course, constructed an
invariant operator which is associated to the new Hamiltonian given by (2.7). On the other
hand, our original research [2] described in Sect. 3 have been performed with no consid-
eration of such type time-dependent unitary transformation and, accordingly, regarded an
invariant operator which is associated to the original Hamiltonian, (1.1). These are the main
difference between the two approaches. In Sect. 2, we corrected the unitary operator Ŝ1 by
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replacing ln[s(t)] appeared in (18) of the report of Maamache et al. [13] with ln[s(t)/s(0)]
as you can see from (2.21). In the review of our previous report represented in Sect. 3, we
corrected the global phases of the wave functions. We confirmed that the corrected wave
functions associated to two different approaches for the time-dependent Hamiltonian sys-
tems involving (1/x̂)p̂ + p̂(1/x̂) term are exactly the same each other.
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